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Abstract 
In the article will be presented mathematical modeling of plate fin and tube heat exchanger at small Reynolds numbers on the 
water-side. The Reynolds number of the water flowing inside the tubes varied in the range from 4000 to 12000. A detailed 
analysis of transient response was modeled for a decrease in the water volume flow in time. 
Based on the experimental data correlations for the air and water-side were determined using the least squares method.The form 
of the relationship for the water-side Nusselt number is identical to the theoretically derived formula for the transition range.  
Also, the same correlation for the Nusselt number on the air-side was found. This correlation was used for the simulation of 
transient heat exchanger operation, but using correlation theoretically determined for pipes to calculate the heat transfer 
coefficient on the inner surface of the tube. 
The results of the numerical simulation of a heat exchanger using experimentally determined water-side heat transfer correlation 
and theoretical correlation derived for the transition tube flow agree very well. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICCHMT2016. 
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1. Introduction 
Publications on the dynamics on the plate fin and tube heat exchangers (PFTHE) are not numerous. Mathematical 
models of heat exchangers to simulate the non-steady state operation are needed to analyze heat exchangers startup 
and shutdown, and in PID control systems as well as in control systems using mathematical models of the controlled 
heat exchanger. However, most of the works refers to a steady state of these exchangers [1]. 
The transient response of PFTHE was modeled in [2-6]. Usually, fins are modeled as elements with lumped 
thermal capacity while the equivalent heat transfer coefficient on the air side is calculated as in the steady-state [2-6]. 
 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons. rg/licenses/by-nc-nd/4.0/).
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The steady-state temperature distribution in fins is used to calculate the equivalent heat transfer. This simplification 
can lead to some errors, especially for higher fins.  
 
Nomenclature 
A  surface area, m2 
Aoval area of the oval opening in the fin, m2 
a,b  minor and major semi axis of the inner tube surface, m 
cp specific heat at constant pressure, J/(kgK) 
c1,c2 ,c3 constants 
dh air- side hydraulic diameter, m 
dr water-side hydraulic diameter of the tube, m 
h  heat transfer coefficient, W/(m2K) 
ho weighted heat transfer coefficient of the fin at surface, W/(m2K) 
k thermal conductivity, W/mK 
Lch tube length in the radiator, m 
m  mass, kg 
m  mass flow rate, kg/s 
nr number of tubes 
N number of heat transfer units 
Nu1  liquid-side Nusselt number, 1 1 1Nu rh d k   
Nu2  air-side Nusselt number, 2 2 2Nu hh d k  
p1, p2 transversal and longitudinal tube pitch, m 
Re1  liquid-side Reynolds number, 1 1 1 1Re rw dU P   
Re2  air-side Reynolds number, 2 2 2 2Re hw dU P  
S fin pitch, m 
t time, s 
T temperature, oC or K 
U tube perimeter, m 
w  velocity, m/s 
x, y  Cartesian coordinates, m 
x
+  non-dimensional coordinate, x+ = x/Lch 
y+  non-dimensional coordinate, y+ = y/p2 
Greek G   thickness, m 
x'  control volume length, m 
K   fin efficiency 
P   dynamic viscosity, kg /(m s) 
U   density, kg/m3 
W   time constant, s 
Subscripts 
1  fluid (water) flowing in the tube 
2  fluid (air) flowing perpendicular to the tube axis 
bbf surface of a bare tube between fins 
bo outer surface of a bare tube 
f fin 
in iner surface of a tube 
l laminar 
m mean 
T uniform tube wall temperature 
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w  tube wall 
The system of the governing differential equations is solved by the Laplace transform or the finite difference 
method. The Laplace transform method is widely used by Roetzel and Xuan [2] to model the transient operation of 
various heat exchangers. Taler [4] modeled the transient response of the PFTHE for a stepwise increase in liquid or 
gas temperature using the Laplace transform method. The transient temperature of the fluids was compared with 
temperature obtained by the finite volume method. 
Korzeń and Taler [6] developed a new mathematical model of the PFTHE to simulate its transient operation. In 
contrast to the existing methods for the modeling transient response of heat exchangers with extended surfaces, in 
which the weighted steady-state heat transfer coefficient on the finned tube side is used, the transient temperature 
distribution will be calculated in each fin. This allows for computing more exactly the heat flow rate from the fins to 
the flowing gas.  
Usually, modeling PFTHEs assumed that the fluid flow inside the tubes is turbulent. However, many low-duty 
heat exchangers operate in the transitional region when the Reynolds number varies in the range of 2 300 to about 12 
000.  
In this paper, numerical modeling of transient work of a PFTHE for low Reynolds numbers on the liquid side will 
be carried out. 
2. Mathematical formulation of the problem 
The system of partial differential equations describing the space and time changes of liquid T1, tube wall Tw, and 
air T2 temperatures in one-row plate-fin and tube heat exchanger are [6]: 
x liquid 
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where 2T  denotes the mean air temperature over the row thickness, defined as 
   12 2
0
, , ,T x t T x y t dy    ³     (4) 
The symbols chx x L
    and 2y y p    in equations (1-3) stand for dimensionless coordinates. The numbers of 
heat transfer units N1 and N2 are given by 
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166   Dawid Taler and Anna Korzeń /  Procedia Engineering  157 ( 2016 )  163 – 170 
where:  /ch fs L n ,  in r in chA n U L ,  bo r bo chA n U L . 
The time constants 1τ  and 2τ  are 
   1 11
1
p
in
m c
h A
W  ,  2 22
2
p
bo
m c
h A
W  .    (6) 
The symbols in equations (1-6) denote: 
1 1r in chm n A L U ,   2 1 2 2r oval f fm n p p A s nG U   ,  w r m w ch wm n U LG U  
 1 2f oval f wm p p A G U  ,  inA abS ,   oval w wA a bS G G   ,   / 2m in boU U U  . 
The subscript w refers to the wall,  f to the fin, and m to the mean value. 
The weighted heat transfer coefficient ho is defined by 
        2 2 ,bbf fo f
bo bo
A A
h t h t h t
A A
Kª º  « »« »¬ ¼
    (7) 
The initial temperatures of both fluids are equal and amount to T0. The initial conditions are 
      xTtxT t 0,101 ,       (8)       xTtxT wtw 0,0,        (9)       yxTtyxT t ,,, 0,202       (10) 
The boundary conditions have the following form 
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where f1(t) and f2(t) are functions of time describing the variation of  the liquid and air temperature at the inlets to the 
exchanger. 
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a) 
 
b) 
 
 
Fig. 1. Scheme of the one-row heat exchanger (a) and control volume (b).  
The initial-boundary value problem defined by equations (1-14) applies to heat exchangers made of bare or finned 
tubes. For bare tubes mf  is equal to zero because there are no fins. 
The transient temperature of the fluids and tube wall in the one-row heat exchanger (Fig. 1) were determined by 
the explicit finite difference method. To calculate time-dependent efficiency ηf  of the rectangular fin attached to an 
oval tube the finite volume – finite element method (FVM-FEM) was used. Based on the mathematical model of the 
one-row heat exchanger, a mathematical model of the whole heat exchanger with a complex flow system was built. 
The automotive radiator for the spark-ignition combustion engine with a capacity of 1580 cm3 is a double-row, two-
pass plate-finned heat exchanger. The radiator consists of aluminium tubes of oval cross-section. The cooling liquid 
flows in parallel through both tube rows. 
2.1. Heat transfer coefficients on the water and air-side 
Correlations for calculating the heat transfer coefficient h1 on the inner surface of the tube and for the calculation 
of h2 were determined experimentally using the data presented by Taler [7]. 
The correlation derived in [7] was generalized to account for the finite length Lch of the heat exchanger tube and 
temperature dependent thermal properties of the fluid. The average Nusselt number Nu for the tube with length Lch 
and constant wall temperature is given by 
    
1.008 0.112 / 3
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 (15) 
where the symbol 1,Nu l  denotes the Nusselt number for hydrodynamically and thermally developing the laminar 
flow. The constant 1c  in the relationship (15) was determined by a least square method using the experimental data 
presented in [7] and is equal to 1 11.396c  . 
The multiplier  0.111 1,Pr Pr w  is applicable to liquids. For gases the correction factor is less, for example, for air is 
equal to  0.45wT T  or to  0.5wT T  [8]. Mean Nusselt number for the hydraulically and thermally developing laminar 
flow in a tube ( Re 2300d ) can be computed from the formula recommended in VDI Heat Atlas [8] 
  1/ 333 3 31, ,1 , 2 ,3Nu Nu 0.7 Nu 0.7 Nul T T Tª º    « »¬ ¼                                      (16) 
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where 
,1Nu 3.658,T                                       (17) 
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The Nusselt number on the air side Nu2 is determined based on experimental data obtained in [7] and is as 
follows 
3 1 3
2 2 2 2 2Nu Re Pr , 60 Re 350
c
c d d            (20)         
where the constant 2c  and 3c  are respectively 2 0.1026c    and 3 0.667c  . 
The relationship (15) was obtained in [9-10] solving the energy conservation equation for turbulent fluid flow in 
the tube. In this case, the constant 1c  is 1 12.39c  . 
Formula (15) with 1 12.39c   that was derived theoretically is valid for transitional and turbulent flow at the 
following ranges of the Reynolds and Prandtl numbers: 3 612.3 10 Re 10 , 0.1 Pr 1000 d d d d . 
If the Reynolds number is less than or equal to 2300, formula (16) is used to calculate the Nusselt number. 
Applying the relations (15) and (16), the operation of the heat exchanger can be simulated for all three types of flow: 
laminar, transitional and turbulent. It is worth noting that when the flow regime changes from laminar to transitional 
at Reynolds number Re = 2300, the Nusselt number varies continuously. 
3. Results and discussion 
In the heat exchanger operating under steady-state conditions, either the water or the air mass flow was varied in 
time to obtain the unsteady state. Tests were also performed with a simultaneous change in the water and air mass 
flows. 
The variation in the water flow in time was realized by changing the rotational speed of the pump impeller using 
a frequency converter, and a change in the air mass flow – by changing the rotational speed of the fan impeller, also 
using a frequency converter. The frequency converters made it possible to realize changes in the water and air flow 
velocities in a wide range. The temperature of the exchanger feed water varied slightly during the tests due to the 
large capacity of the hot water tank (800 liters). A more detailed analysis will be conducted for case of the radiator 
operation under unsteady-state conditions caused by a reduction in the water volume flow rate in time. 
The results of measurements and calculations using a mathematical model developed in [6] using the correlations 
(15) and (20) are shown in Fig. 2. 
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a) b) 
 
 
 
 
Fig. 2. The transient response of a heat exchanger to a sudden reduction in the water volume flow  
 (a) the constant in Eq. (15) equal to 1 11.396c  , (b) correlation developed in [9, 10] with 1 12.39c  . 
Figure 2a illustrates simulation results obtained for an automobile radiator using the correlation (15) for water-
side Nusselt number with 1 11.396c   determined empirically. The next Figure 2b shows the results of calculations 
for the same car radiator, but using a theoretical correlation for the water-side Nusselt number proposed in [9, 10] 
for the transitional flow regime. 
In both cases, the form of the relationship for calculating the Nusselt number is the same and defined by Eq. (15). 
In the case of a formula derived in [9, 10], the constant  1c   is a little different and is equal to 1
12.39c  . For both 
calculation results presented in Figure 2 the same correlation (20) for calculating the air-side heat transfer coefficient 
was used. 
The purpose of comparing the results of calculations and measurements depicted in Figures 2 was to verify 
whether the correlation to calculate the heat transfer coefficient for the transition pipe flow, proposed in [9, 10] gives 
air and water temperatures close to the experimental data. 
A reduction in the water volume flow involves a decrease in the water and air temperature after the exchanger 
(Fig. 2a). This is due to a smaller heat flux transferred from the hot water to air. The drop in heat flow rate is caused 
by the smaller heat transfer coefficient at the water side and the smaller value of the average difference in 
temperature between the water and air. The consistency of results of calculations and measurements obtained for   
and   in equation (15) is very good (Figs. 2a and 2b). 
Correspondence between the results of calculations and measurements is very good for both 1 11.396c   
(correlation experimental) and for 1 12.39c  (correlation proposed in [9-10]) is highly satisfactory. 
4. Conclusions 
In this paper, a mathematical model for the simulating unsteady operation of an automotive radiator was 
developed. The model is suitable for low-loaded heat exchangers, in which the flow regime inside the tubes can vary 
from laminar through transitional to turbulent. 
The transient response of the tube and plate-fin heat exchanger due to sudden changes in water and air  mass flow 
rate  was investigated. The water-side heat transfer coefficient was calculated using the correlation determined 
experimentally and the correlation derived theoretically, presented in [9-10]. In both cases very good agreement 
between numerical calculations and experiment has been achieved. 
170   Dawid Taler and Anna Korzeń /  Procedia Engineering  157 ( 2016 )  163 – 170 
Simulation of transient operation of automobile radiator was performed using the numerical of the heat exchanger 
developed in [6]. A very good agreement of measurements and calculations confirmed the high accuracy of the 
mathematical model proposed in [6]. 
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